Recent progress in the area of nonlinear modal analysis for structural systems is reported. Systematic methods are developed for generating minimally sized reduced-order models that accurately describe the vibrations of large-scale nonlinear engineering structures. The general approach makes use of nonlinear normal modes that are defined in terms of invariant manifolds in the phase space of the system model. An efficient Galerkin projection method is developed, which allows for the construction of nonlinear modes that are accurate out to large amplitudes of vibration. This approach is successfully extended to the generation of nonlinear modes for systems that are internally resonant and for systems subject to external excitation. The effectiveness of the Galerkin-based construction of the nonlinear normal modes is also demonstrated for a realistic model of a rotating beam.
The nonlinear normal mode
In the design-analysis cycle of complex structural systems such as rotorcraft, aircraft, and ground vehicles, it is necessary to thoroughly understand their vibratory response. If the vibration of interest is restricted to small neighborhoods of the static equilibrium positions, then the assumption of a linear system can generally be made. The corresponding analysis procedure is then greatly simplified, through the use of modern tools such as Finite Element Analysis and Modal Analysis. In contrast, when the amplitudes of oscillation are large, beyond the scale of linearization, or when a system behaves inherently nonlinearly with respect to its equilibrium configuration, then nonlinear equations of motion must be used for the model.
In the area of nonlinear vibrations, much research work has been done for systems with a few degrees of freedom (DOF), such as lumped-mass models, and models obtained via a Galerkin discretization of the governing partial differential equations (PDE) for continuous systems. These low-order models are useful for understanding general behavior. However, many of the methods developed are applicable only to relatively simple systems, and become unwieldy when used for systems modeled by complex PDEs or with a large number of DOFs. In order to obtain accurate reduced-order models for nonlinear systems, "nonlinear modal analysis" has been proposed as an analog to its linear counterpart. The concept of nonlinear normal modes (NNM) was first developed by Rosenberg [9] for conservative systems with symmetric nonlinearities, essentially as an extension of the linear normal mode idea. A detailed review is provided by Vakakis [11] , which summarizes much of the research in this area to date.
The research presented herein aims at the development and implementation of new model reduction methods for nonlinear structural systems, based on an invariant manifold approach proposed by Shaw and Pierre [10] . In order to illustrate the fundamental concept of the invariant manifold-based reduced-order modeling approach, a linear system is shown in Figure 1 
The invariant manifolds are determined by the constraint relationship in (1.2) and the equations of motion. Two such manifolds result, one for each mode. The resulting geometry of the invariant manifold for system (1.1) is shown in Figure 1 .2. As can be seen, the manifold is planar for this linear system. Consequently, the invariant manifold approach reduces to the well-known linear mode results in the linearized case, although it offers a formulation that is entirely different from the traditional one [10] . The invariant manifold approach can be conveniently extended to nonlinear vibratory systems. For the two-DOF nonlinear system shown in Figure 1 .3, the master coordinates are chosen as (u,v) = (x 1 , y 1 ), and the slave constraint relationships are defined in the same way as in (1.2). The invariant manifold can be approximated using the asymptotic method [10] and it is shown in Figure 2 .1. As can be seen, the manifold for the nonlinear system is a curved surface.
The definition of an invariant manifold is related to its inherent property: invariance. The invariance of a manifold indicates that the motion initiated on the manifold remains
A two-degree-of-freedom nonlinear mass-spring system (a nonlinear spring with cubic nonlinearity is attached to mass one).
on that manifold for all time [10] . The nonlinear normal mode is defined on the invariant manifold as follows: "A motion that takes place on a two-dimensional invariant manifold in the system's phase space" [10] . This manifold passes through the stable equilibrium point of interest and, at that point, is tangent to a two-dimensional (linear mode) eigenspace of the linearized system about that equilibrium. On this manifold, the system behaves like a single-degree-of-freedom system. The invariant manifold approach can be used to define and construct nonlinear normal modes of motion for a wide class of nonlinear vibratory systems [2, 6, 10, 11] . The following sections give an overview of the construction methods and the applications of nonlinear normal modes.
The construction of the nonlinear normal mode: asymptotic approach versus Galerkin method
A n-DOF vibratory system can be expressed in the following first-order form:
where the n-dimensional vectors x and y are the system linear modal displacements and linear modal velocities, respectively. The use of linear modal coordinates in (2.1) offers a convenient standard form from which to construct the invariant manifold-based nonlinear normal mode [7] . The asymptotic approach is outlined here for the construction of the invariant manifold. First, multiple pairs of linear modal coordinates (displacement-velocity) are chosen as the master coordinates, the "seeds" of the invariant manifold: follows:
6 Nonlinear normal modes and application in dynamics In (2.3), the constraint relationships for the slave coordinates are approximated using asymptotic expansions, and the coefficients, the a's and b's, need to be determined. The solution of these coefficients has been studied by Pesheck et al. [8] . The detailed derivation is not repeated here, since the primary focus is on the more accurate Galerkin construction method.
The asymptotic approach has some inherent deficiencies: the constructed invariant manifold is limited to the domain near the equilibrium position, and this domain cannot be determined a priori; the accuracy of the manifold is constrained to the order of the polynomial used in the expansion; and the approach cannot be extended to systems with complex nonlinearities, especially for systems with nonsmooth nonlinearities such as gaps. In order to solve for the invariant manifold accurately, a numerical Galerkin approach has been proposed [7] .
For the nonlinear system defined in (2.1), the multiple pairs of master coordinates,
2), are transformed to polar coordinate form, as follows:
where ω k is the kth linear modal frequency, and the multiple amplitude-phase pairs, (a k ,φ k ), are the new master coordinates. The slave coordinates are constrained to the new master coordinates as follows:
where P i and Q i are the slave constraint functions. The governing PDEs for the invariant manifold are found [5] to be
where f i denotes the nonlinear force on the ith linear modal coordinate. The invariant manifold is determined by the slave constraint functions, P i 's and Q i 's in (2.6), which must be solved for numerically. The system dynamics on the invariant manifold are then governed by the master coordinates only. Hence, the original nonlinear system is reduced to the master coordinates. The detailed derivation of the partial differential equations governing the invariant manifold can be found in [5, 7] , and is not repeated here.
The Galerkin method has the following advantages over the asymptotic approach in the construction of invariant manifolds: the range of validity of the manifold can be predetermined by setting the amplitude range of the master coordinates; the accuracy of the manifold can be controlled by the expansion functions in the master coordinates, the a's and φ's; and the Galerkin formulation is applicable to systems with complex [7] .
nonlinearities [3] and nonlinear systems with external forcing [4] . Consequently, the Galerkin method seamlessly interfaces with finite element models of engineering structures, and it allows the user to specify the vibration amplitude range and the accuracy of the model over that range.
To illustrate the difference between the invariant manifolds constructed by the asymptotic approach and the Galerkin method, the finite element beam model shown in Figure 2 .2 is considered [7] . The original beam model has 200 finite elements, and for illustrative purposes the system is truncated to three linear modal coordinates. The second nonlinear normal mode is examined. Specifically, the master coordinates are chosen as (x 2 , y 2 ) in the asymptotic approach and as (a 2 ,φ 2 ) in the Galerkin method. The slave constraint for the first linear modal displacement, x 1 , is shown in Figure 2 .3. As can be seen, the manifold obtained from the asymptotic approach deviates dramatically from the (more accurate) manifold obtained by the Galerkin method as the master coordinates enter the strongly nonlinear region. For this three-DOF beam model, it should be noted that there are four slave constraints, x 1 , y 1 , x 3 , and y 3 , which represent the full invariant manifold for the second nonlinear normal mode.
The interaction between nonlinear normal modes: internal resonance
The nonlinear normal mode construction procedure presented in Section 2 can be utilized to examine the nonlinear dynamics for the multiple modes involved in an internal resonance. The rotating rotorcraft blade shown in Figure 3 .1 is used to illustrate these ideas; the blade model includes nonlinear bending-axial coupling and large-amplitude motions [1, 5] . The weak formulation for the equation of motion of the blade is found [1] where w(x,t) and u(x,t) are the transverse and axial displacement respectively; (), x denotes a partial derivative with respective to the spatial variable x, and (·) represents a time derivative; δ() denotes the variation of a quantity. For the blade in Figure 3 .1(a), a nonlinear finite element model has been developed that includes flapping motion and axial stretching [1] . In order to achieve adequate accuracy, 182 finite elements are needed. A linear modal analysis is carried out to construct the reference model, and 18 linear modes (9 flapping modes and 9 axial stretching modes) are retained in order to achieve sufficient modal convergence. Moreover, the blade model is tuned with an internal resonance between the first and the second flapping modes [5] : the modal frequency of the second flapping mode is approximately three times the first flapping modal frequency, ω 2 ≈ 3ω 1 .
By selecting the linear modal coordinates for the first and the second flapping modes as the master coordinates, (a 1 ,φ 1 ) and (a 2 ,φ 2 ), all the remaining degrees-of-freedom are slave coordinates, and the corresponding two-mode invariant manifold can be constructed using the Galerkin method [5] . A cross-sectional view of the invariant manifold (mode shape) for the nonlinear two-mode model is shown in Figure 3.2(a) , where a 1 and a 2 denote the amplitude of the first and the second flapping linear modes, respectively, and x 3 denotes the linear modal displacement of the third flapping linear mode in terms of the amplitudes a 1 and a 2 . There is a total of 16 similar cross-sectional views of the manifold, corresponding to all the slave constraint relationships that are constructed.
Once the nonlinear normal mode is constructed, the nonlinear dynamics on the invariant manifold are reduced to the master coordinates. The nonlinear mode-based reduced-order model is described by two second-order equations. As a result, the system motion can be very efficiently simulated, as shown in Figure 3.2(b) . The nonlinear mode simulation matches the reference result very well. Note that the reference solution requires the direct time simulation of 18 coupled second-order differential equationsan expensive calculation. The result for the asymptotic-based reduced-order model is also shown: the asymptotic result is only valid in the weakly nonlinear domain, and it leads to qualitatively wrong results in the strongly nonlinear region. In these simulations, a peak-to-peak tip deflection of nearly 0.4 meters is obtained for this 9-meter-long blade.
The nonlinear normal mode for systems with harmonic excitation
The invariant manifold-based nonlinear modal analysis approach developed in Section 2 is extended to systems that are subjected to periodic forces [4] , thereby providing a useful tool for attacking the important problem of obtaining the frequency response of nonlinear structures.
In order to incorporate the external excitation into the vibratory system described by (2.1), the system's governing equation is expressed in the following augmented form:
where φ f is the additional state phase variable for the external excitation, and ω f is the frequency of harmonic excitation. To construct the invariant manifold, the master coordinates are chosen as the linear modal coordinates in the polar form, (a k ,φ k ) for k ∈ S M , and the excitation state variable, φ f . The slave constraints are then expressed in the space spanned by the master coordinates as follows:
The derivation of the PDE's governing the invariant manifold and the Galerkin-based construction method for the nonlinear normal mode under external forcing are detailed in reference [4] . Once the nonlinear mode is constructed, the system response on the manifold can be reduced to the master coordinates, which include the system state variables and the forcing state variable. An example beam system is shown in Figure 4 .1 with harmonic external forcing. The equation of motion governing the beam deflection, u(x,t), is given [4] in weak form as follows: ω f [4] . Once the nonlinear normal mode is constructed, the system dynamics near the first primary resonance can be investigated in the reduced-order model governing the master coordinates only. The steady-state response of master coordinate η 1 is shown in Figure 4 .2. As can be seen, both the stable branches and the unstable branch of the response are accurately captured by the simulation based on the nonlinear mode-based reduced-order model. Note that at the excitation frequency ω f = 242 rad/s, the amplitude of η 1 reaches its peak at 1.0, which is physically equivalent to a 0.3 m displacement near the middle point of the one-meter-long beam. The example clearly demonstrates the capability of accurately capturing the forced response over a strongly nonlinear amplitude range.
The transient response at the excitation frequency, ω f = 242 rad/s, is also shown in closely that from the original system for a range of initial conditions. This demonstrates that the dynamics near the primary resonance can be very accurately captured by the invariant manifold approach. Similar results can be obtained for other resonances, by choosing master modes accordingly. 
Conclusions
The essence of nonlinear modal analysis is to generate a minimal reduced-order model that accurately captures the dynamics of the original system. An effective normal modebased model order reduction methodology must satisfy two basic criteria. First, the method must be systematic, which means it can deal with various kinds of nonlinear forces and handle various structural models, such as finite element models. Second, the construction of the nonlinear normal modes must be numerically efficient, in the sense that the solution can be obtained from a computer code in a reasonable time, regardless of the size of the actual nonlinear system. The results obtained in this paper demonstrate that the invariant manifold-based approach is general enough to account for various types of nonlinear forces, including conventional quadratic and cubic nonlinear forces, and complex intrinsic nonlinear effects such as those in the model of a rotating rotorcraft blade. Also, the Galerkin-based solution technique developed has been shown to allow for the efficient generation of the invariant manifolds, for large nonlinear systems and up to large amplitudes. Therefore, this approach allows for the practical application of the invariant manifold formulation for a wide variety of engineering structures.
